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ABSTRACT 

Systematic diurnal curve analysis is an adaptation of the diurnal curve 
method for determining gross photosynthesis and respiration rates in 
rivers, based on dissolved oxygen (DO) measurements and hydraulic data. 
The new technique is computerized and it utilizes the Stokes total time 
derivative. It treats systems of DO data--i.e., sets of DO measurements 
from many stations along a river taken periodically over one or more 
days. The utility of systematic diurnal curve analysis is demonstrated 
by application to data from the Charles River in Massachusetts. The 
resulting estimates of photosynthesis (P) and respiration (R) are first 
input to a DO simulation model, then compared with one another in terms 
of the ratio P/R, and finally compared graphically with concurrent water 
quality data. The ratios R/BOD and P/Total Algae are interpreted as 
kinetic coefficients. A proportionality between P and the magnitude of 
the dirunal DO range is also observed. 
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INTRODUCTION 

The purpose of this paper is to demonstrate the technique and usefulness 
of systematic diurnal curve analysis. The new term systematic diurnal 
curve analysis refers to a numerical method of analyzing stream dissolved 
oxygen (DO) arid hydraulic data to yield estimates of gross photosynthesis 
and respiration rates. It is based on a graphical procedure known as the 
"diurnal curve method," which has been reported by H.T. Oduml, Armstrong 
et al 2 , and others. Although well-known to ecologists for several decades, 
the diurnal curve method has not been widely used by mathematical modelers 
of water quality. Reasons for this undoubtedly include: 1) tediousness 
of the graphical procedure; 2) the requirement that sampling stations be 
not more than a few hours apart in time-of-flow, a requirement inherent 
in the method of calculating the rate of DO change; and 3) failure to 
recognize the full usefulness of the resulting photosynthesis and respira
tion estimates. 

Systematic diurnal curve analysis· is a computerized technique designed 
to treat .systems of DO data, as illustrated in Figure 1 and explained 
below. Translation of the graphical procedure into a computer program 
renders easy the analysis of large amounts of data. Further, the new 
technique calculates the rate of DO change as the Stokes total time 
derivative. This innovation allows valid calculations for sampling 
stations separated in time-of-flow by a whole day or more. The greatest 
potential usefulness of the resulting estimates of photosynthesis and 
respiration lies in determining their relationships to other measured 
quantities. In some cases, the "relationships" turn out to be kinetic 
constants. This paper demonstrates a new method for determining the de
oxygenation rate constant, K,J. The need for such a method derives from 
the increasingly common problems of non-point organic pollution and 
eutrophication of rivers. Also presented here is an analogous method 
for determining the growth rate constant for algae. These applications 
may be of major utility to the water quality analyst and the theoretical 
ecoligist alike. 

Systematic diurnal curve analysis is a data-intensive method. For example, 
Figure I depicts a total of 288 DO measurements in the form of a contour 
plot. Represented are twelve successive samples taken over a three day 
period at each of 24 stations on the main stem of the Charles River in 
Massachusetts. This system of DO data is shown as a surface, imagined 
to lie above the plane having coordinates of time and river mile (distance 
above the river's mouth). 

Viewing Figure I as though hanging flat on a wall, a horizontal transect 
gives the DO profile at the corresponding time as a function of river mile; 
a vertical transect gives the DO profile at the corresponding station as a 
function of time, running over the three day period. There are two major 
types of features,namely, vertical troughs, as appear at river km 101 
(mile 63) and between river km 64 and 80 (miles 40 and 50), and hori
zontal ridges with axes in the late afternoon, such as occur on all three 
days below river km 64 (mile 40). Often, the ridges are compressed into 
afternoon peaks, three of which may be seen at river km 97 (mile 60). 

1 



The vertic.al 
discharges. 
thesis. 

troughs are DO sags, resulting from continuous organic waste 
The afternoon ridges and peaks are the result of photosyn-

The data in Figure I and other data discussed in this paper are from the 
1973 water quality survey of the Charles River conducted and reported by 
the Massachusetts Division of Water Pollution Control.3 Since 1966 this 
agency has conducted and published the results of numerous water quality 
surveys throughout Massachusetts. The author developed and programmed 
the technique of systematic diurnal curve analysis in order to make better 
use of the mass of data obtained in these surveys. The Fortran program 
is called DICURVZ, and its use and development are documented in an unpub
lished technical memorandum.4 

This paper briefly reviews the diurnal curve method, outlines the computa
tional technique of systematic diurnal curve analysis, and applies the 
latter to data from the Charles River. The resulting estimates of photo
synthesis (P) and respiration (R) are first input to a DO simulation model 
to check for consistency with observed DO, then compared with one another 
in terms of the ratio, P/R, and finally compared graphically with concur
rent water quality data. The ratio R/BOD is interpreted as the deoxygena
tion constant (Kd) and is used to estimate the non-point BOD loading in 
the lower Charles River during June 26-28, 1973. The ratio P/Total Algae 
is interpreted as the algal growth constant. A proportionality between 
P and the magnitude of the diurnal DO range is also observed. 

DIURNAL CURVE METHOD 

Odum1 presented equations and graphical procedures for determining community 
respiration and primary production (photosynthesis) in flowing waters. He 
identified the major processes affecting the rate of change of DO in streams 
as atmospheric diffusion (reaeration) and community photosynthesis and respira
tion, and gave graphical procedures for inferring the latter from DO data and 
knowledge of the gas transfer and of time-of-flow. 

Oduml analyzed data collected by himself and by others and concluded that 
polluted streams might eventually be found to be the most productive bio
logical environments in existence. He reported photosynthesis rates of 
50 g Oz/sq m/d and higher and respiration rates as high as 53 g Oz/sq m/d. 
He discussed the ratio of photosynthesis to respiration (P/R) in relation to 
organic matter content, longitudinal succession and ecosystem classification. 

Armstrong et al2 presented the basic equation of the diurnal curve method 
in the following form: 

dC 
dt = Kz (Cs - C) + p - r (1) 

where dC/dt = the rate of change of DO concentration, Kz = atmospheric reaeration 
constant, Cs= DO saturation concentration determined by the water temperature, 
C = DO concentration, p = gross photosynthesis rate, and r = total community 
respiration rate. This equation neglects oxygen accrual from groundwater 
inflow and runoff. Specific applicat~on of the diurnal curve method in this 
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paper was aimed at relating photosynthesis and respiration to radionuclide 
uptake in a physical river model. 2 

In the two-curve version of the diurnal curve method, dC/dt is determined 
by translating the upstream diurnal DO curve to the left and the downstream 
curve to the right along the time axis, each by exactly one-half the time
of-flow, then· taking the differences between the two curves and dividing 
by the time-of-flow.1,2 This procedure is based on the assumption of plug 
flow and it is designed to measure directly the DO change in successive 
"plugs." Successful results will obtain only if the time-of-flow is on 
the order of a few hours (small fraction of a day). 

In the single-curve version of the diurnal curve methodl,2, the rate of 
DO change is taken as ac/at. (ac/at is defined later in this paper.) This 
procedure is valid only where the DO for some distance upstream of the 
sampling station is identical at all times with the DO at the station. A 
computational algorithm for the single-curve version was previously pub
lished.5 

COMPUTATIONAL TECHNIQUE OF SYSTEMATIC DIURNAL CURVE ANALYSIS 

Basic Equation 

Systematic diurnal curve analysis is based on the following differential 
equation: 

DC 
Dt (2) 

in which DC/Dt is the Stokes total time derivative of DO concentration, 
and all other terms are as in equation (1). 

While equation (1) (diurnal curve method) is applied to one or, at most, a 
very limited series of reaches, equation (2) (systematic diurnal curve 
analysis) is applied to an entire domain of river mile and time, such as 
Figure l portrays. Thus, it is important to note that the analysis pres
ently described also neglects discontinuities in the DO surface. For 
example, wastewater discharges, tributaries and aeration at dams all cause 
discontinuities in the DO surface. If Figure 1 showed these discontinuities, 
they would appear as sheer "cliffs" oriented vertically (i.e., aligned at 
certain river miles). Neglecting such discontinuities is a potentially 
large source of error. 

Hydraulic Parameters 

The analysis requires specification of two hydraulic parameters, time-of-flow 
and Kz. For each sampling station, the inputs to the computer program are 
cumulative time-of-flow and average value of Kz for the reach extending from 
the current station to the next station downstream. The input values of Kz 
correspond to a temperature of 20° C. 

Since hydraulic conditions may vary substantially from day-to-day, the com
puter program allows for input of different values of the hydraulic parameters 
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for each day over which the DO data extend. Hydraulic inputs may also be 
specified for several days--but not every day--in which case the computer 
program interpolates incremental times of flow and Kz values as necessary. 

Stokes Total Time Derivative 

The two-station diurnal curve method used with equation (1) requires the 
sampling stations to be so close together that the time-of-flow between 
them is at most a few hours; otherwise the finite difference approximation 
of dC/dt becomes meaningless. Equation (2), on the other hand; applies 
even where the time-of-flow between stations is a day, or longer. The 
reason for this lies in the manner of calculating the Stokes total time 
derivative, DC/Dt. 

In the case of one-directional flow, the formula for the Stokes total time 
derivative6,7 reduces to: 

dX 
dt 

(3) 

in which ac/ax = concentration gradient with respect to river mile only, 
dX/dt = velocity of flow, and ac/at = concentration gradient with respect 
to time only. In finite difference form, the product 

ac dX 
ax· dt 

may be calculated by taking the concentration difference between two samp
ling stations and dividing by the time-of-flow separating them. 

To illustrate the Stokes total time derivative, Figure 2 shows a close-up 
view of the four data points corresponding to the crosses in the lower 
center of Figure 1. In Figure 2 the DO surface slopes upward to the right 
(as time-of-flow proceeds) and upward into the page (as time-of-day proceeds). 
The average slope to the right (in terms of concentration difference divided 
by time-of-flow) added to the average slope into the page is taken as the 
Stokes total time derivative. The formula is: 

DC 1 {C21 - C11 + C22 - C12 · C12 - C1 l + C22 - C21} (4) 
Dt = { + } 2 t2 - tJ dt 

where dt = time-of-flow between the two stations, tn = time-of-day for 
sample n, and Cnm = concentration of DO at station m and time tn. 

In Figure 2 the sampling times are shown as identical at the two stations, 
but that is rarely the case. To overcome this problem, the computer pro
gram linearly interpolates DO values at one station or the other to give 
perfect rectangles in the time-river mile domain, as in Figure 2. 

DC/Dt represents, in some sense, the inclination of a small piece of the 
DO surface having a rectangular projection on the time-river mile plane. 
Identifying DC/Dt as the total rate of DO change is what fundamentally 
distinguishes systematic diurnal curve analysis from the o1der diurnal 
curve method. 
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Atmospheric Reaeration 

In both equations (1) and (2) the atmospheric reaeration rate appears as 
Kz (C8 - C). More precisely, the temperature dependence of the rate may 
be shown explicitly as in the following: 

a= Kz • e (T - 20) (C 8 - C) (5) 

in which a= atmospheric reaeration rate, 0 = temperature correction coeffi
cient (assuming the common value 1.025), and T ~ temperature in degrees 
celsius. 

We usually think of the factor 0 (T - 20) as a correction applied to the 
reaeration constant. However, in analyzing four data points such aspic
tured in Figure 2, associating this factor with the DO deficit enhances 
computational efficiency. In this case, the average atmospheric reaera
tion rate over time-river mile rectangle is taken as the average of the 
four corner-point values, from which K may be factored: 

a= 1 • K2 
4 

E 0 (Tnm - 20) · (Csnm-Cnm) 
n=l,2 
m=l,2 

(6) 

By initially calculating and storing values of "temperature-corrected DO 
deficits," the computer program avoids much repetitious multiplication. 

Respiration and Photosynthesis 

Methods have now been given for calculating the physical-chemical quantities 
DC/Dt and a. By virtue of equation (2), the difference between these two 
quantities-is the same as the difference between respiration and photo
synthesis: 

r - p = a - DC 
Dt 

(7) 

in which DC/Dt and a are understood as given by equations (4) and (6) 
respectively. 

Equation (7) leads to the inference of biological rates (rand p) from 
physical-chemical quantities. The inherent disadvantage in this is that 
all errors in the physical-chemical quantities are subsumed in the infer
ence of the biological ones. Yet, the difficulties often encountered in 
attempting to measure biological rates more directly (e.g., light-dark 
bottle studies, long-term BOD tests) point to obvious advantages in the 
use of equation (7). 

To illustrate how the individual rates rand pare determined, the results 
of calculations for the shaded s·trip in Figure 1 are graphed in Figure 3. 
The shaded strip represents data for two successive sampling stations over 
a 24-hour period. The times of sunrise and sunset are indicated in Figure 
3. The computer program also requirep these as inputs. 
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From this point on, the technique of systematic diurnal curve analysis 
essentially follows that of the older diurnal curve method.1,2 Briefly, 
the remaining steps are as follows: 

First, since photosynthesis occurs only in daylight, between sunset and 
sunrise, p = 0. Hence, respiration is given by: 

r = r - p = a - DC 
Dt during darkness (8) 

Secondly, during daylight hours, r is interpolated from nighttime values 
immediately before and after the period of daylight. Figure 3 shows this. 
If the sampling period begins (or ends) in daylight, the nearest nighttime 
value of r is assumed throughout the beginning (or ending) of the period. 
Also, if a daylight value of a - DC/Dt should exceed the interpolated value 
of r, then r is instead set equal to a - DC/Dt; for this must still be a 
minimum estimate of r, anyway.5 

Thirdly, during daylight hours, photosynthesis is determined by 

p = r - (a - DC) (g) 
Dt 

in which r is understood as having been interpolated or otherwise estimated 
as in the previous paragraph. Figure 3 also illustrates this. 

Finally, the daily average rates of photosynthesis (P) and respiration (R) 
are calculated by integrating the rates over each day. In Figure 3, the 
photosynthesis integral is the area between the solid line and the dashed 
line. The respiration integral is the area lying between the curve repre
senting rand the axis r = o. In case the "sampling day" differs some
what from 24 hours, the integrals of p and rare divided by the actual 
length of the "sampling day." This results in daily average rates of 
photosynthesis and respiration, denoted by the capital letters P and R. 

Simplified Example 

A simplified example illustrates the basic concept of systematic diurnal 
curve analysis. Figure 4 depicts an idealized DO surface between two sta
tions, covering exactly one day. Three simplifying assumptions will now be 
made. Each of these is not too far from the truth, but none of them is 
actually correct. Note that not one of these three assumptions is utilized 
by the computer program described above. Here are the assumptions: 

(i) Minimum and maximum DO occur at exactly sunrise and sunset. 

(ii) The average respiration rate, r, is the same for the nighttime 
hours as for the daylight hours. 

(iii) The DO surface, as pictured in Figure 4, is symmetrical. Con
sequently ac/at equals ~C/0.5 during daylight and -~C/0.5 at 
nighttime; also, the average atmospheric reaeration rate, a, 
is the same for the nighttime hours as for the daylight hours; 
and finally, the average gradient with respect to time-of-flow, 
oC/dt, is the same for the nighttime hours as for the daylight 
hours. 
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These assumptions imply the following equations: 

tic+ sc = a+ p - r simplified day (10) 
0.5 dt 

- llC + .§.£ = a - r simplified night (11) 
0.5 dt 

subtracting equation (11) from (10) then gives: 

4 • llC = p simplified (12) 

Here pis the average photosynthesis rate over the daylight hours only. 
Since there is daylight for exactly one-half the day, the daily average 
rate, P, is one-half of p: 

P = 2 • llC simplified (13) 

Finally, equation (11) alread_y_ gives the average daily respiration rate, 
since by assumption (ii) R = r. Hence: 

R = 2•llC - oC + a 
dt 

simplified (14) 

Apart from illustrating the basic concept, this simplified analysis yields 
rather surprising results. First, equation (13) suggests that the rate of 
photosynthesis might be inferred solely from the magnitude of the diurnal 
DO range (llC). Secondly, equation (14) portrays the respiration rate as 
having a more complicated relationship, including relationship to both com
ponents of the rate of DO change, as well as the rate of atmospheric reaera
tion. Since these conclusions derive from assumptions (i) - (iii), they 
are, of course, only suggestivea 

SYSTEMATIC DIURNAL CURVE ANALYSIS OF CHARLES RIVER DATA 

The Charles River 

The Charles is a small coastal river tributary to Boston Harbor in Massachu
setts. In all, it drains 795 sq km (307 sq miles) and is some 129 km (80 
miles) long. The portion of the Charles analyzed here extends from river Ian 
123 (mile 76.5) (Dilla Street, Milford, Massachusetts) down to river km 15.8 
(mile 9.8) (Watertown Dam). The headwater portion of the Charles River, above 
river km 123 (mile 76.5) is used for public water supply. The reach below 
river km 15.8 (mile 9.8) is called the Charles Basin; formerly estuarine, 
it has been impounded since 1910 with a normal surface elevation mid-way 
between mean sea level and mean high tide. 

The watershed of the Charles River is mostly flat to gently rolling. The 
upper half of the watershed is semi-rural. The lower half, ending in the 
Boston-Camridge metropolis, is extremely urbanized. Approximately 400,000 
persons resided in the watershed above Watertown Dam in 1970. 

The Charles River has a very flat gradient, and consequently meanders exten
sively. Nineteen dams also impede the flow. In the portion of the river 
analyzed here, the fall at dams accounts for 37.5 m (123 ft) out of a total 
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fall of 81.4 m (267 ft). Even more startling, the total fall for the lower 
48 km (30 miles) here analyzed is 30.5 m (100 ft), and in this reach 22.4 m 
(75 ft) of fall occurs at dams. 

The average discharge at river km 55.7 (mile 34.6) is 8.38 cu m/s (296 cfs). 
A major diversion at river km 42.6 (mile 26.5) removes up to one-third of 
the streamflow. The average discharge at river km 20.3 (mile 12.6) is 
8.21 cu m/s (290 cfs). 

Pollutant sources may be classified as follows: 

Source 

a) Urban runoff and sewer overflows 

b) Municipal secondary sewage treatment 
plant, 0.12 cu m/s (2.8 mgd) 

c) Municipal secondary sewage treatment 

River km 

123-119 

118 

plant, 0.065 cu m/s (1.5 mgd), via tributary 102 

d) Several smaller municipal, institutional 
and industrial sources 

e) Urban runoff and sewer overflows 

83-77 

66-16 

River Mile 

76.5-74 

73.4 

63.1 

51.8-47. 8 

41-9.8 

In 1976 the total discharge of BOD from all point sources, i.e., sources 
(b), (c) and (d) was measured as 1,910 kg BOD/d (4,220 lb BOD/day). 

Input Data for Analysis 

The DO data analyzed here are the same data used to construct Figure 1. 
They were obtained June 26-28, 1973 as part of an extensive water quality 
survey conducted by the Massachusetts Division of Water Pollution Control 
(MDWPC). The data and the survey procedures are published elsewhere.3, 8 
Each of 24 main stem and 14 tributary stations was sampled for DO and tem
perature every six hours for a total of 12 times. Thus, the main stem 
analysis is based on 288 samples. 

As depicted in Figure 1, the DO data reflect each of pollutant sources 
(a) - (d) in the following manner: a region of depressed DO (oxygen sag) 
is followed by a region of high afternoon DO peaks. In the lower river, 
the diffuse nature of source (e) and the dominating effect of dams together 
cause long ridges of elevated afternoon DO. The data used in Figure 1 and 
analyzed here do not, however, directly reflect discontinuities in DO 
occurring at wastewater discharges, ·dams and tributaries. The input values 
of time-of-flow and Kz are also published elsewhere.8 They were developed 
as follows: First, main stem discharge profiles were constructed for June 
26 and 28, based on data from four permanent U.S. Geological Survey gages, 
14 additional tributary and main stem discharge measurements by DMWPC 
personnel 3 , and municipal sewage treatment plant operating records. Second, 
based on these discharge porfiles and other previous field work, 3 , 9 ,lo 
estimates of time-of-flow and depth were calculated for the main stem, 
divided into 33 reaches, according to methods reported earlier. 11- 13 

Third, based on implied velocities and on depths as above, values of Kz 
were calculated for the 33 reaches using e'tablished formulas 14- 16 selected 
according to criteria developed by Covar. 1 In calculating K2 , a minimum 

8 



value based on depth only was also set, as suggested elsewhere. 18 Finally, 
cumulative time-of-flow was interpolated for the 24 water quality sampling 
stations, and Kz was averaged over river mile between successive pairs of 
stations. In several cases, times-of-flow greater than two days separated 
successive stations. Values of Kz ranged from 0.22 day-1 to 5.19 day-1 and 
were greater than 1.0 day- 1 only between stations 2 and 5. 

Results 

Table I presents results of the analysis for the dates June 26 and 27 and 
for the period June 26-28, 1973. The results for the three-day period are 
slightly daytime-6iased, because sampling began at 4:00 a.m. on June 26 and 
ended around midnight on June 28. 

The results in Table I are community respiration and gross photosynthesis 
(primary production) rates, given in terms of concentration (mg 02/l/d). 
Multiplying by average depth in meters gives results on a per unit water 
surface area basis (g Oz/sq m/d). 

Calculated community respiration rates in Table I range as high as 36.2 
mg 02/l/d, and in the extreme upper portion of the river values exceeding 
20 mg Oz/1/d predominate. The three calculated gross photosynthesis rates 
greater than 10 mg 02/l/d, including the maximum value of 12.0 mg Oz/1/d, 
all occur in the same portion of the river. Considering that all such 
extreme values occur where depths are approximately 1 m or less, these 
results are within the range of others previously reported.! 

Table I includes four negative respiration rates. Since negative respira
tion rates are impossible, these probably signal errors in the hydraulic 
inputs, indicating the need for further field work. 

APPLICATION OF CHARLES RIVER RESULTS 

DO Simulation Model - If the above analysis has produced reasonably accu
rate estimates of Rand P, then inputting these values into a DO model 
based on the following equation ought to yield a reasonably good simula
tion of measured DO: 

dC 
dX 

dX = 
dt 

K2 (Cs - C) + P - R steady state (15) 

In this equation, values of K2, Cs and Care all understood to represent 
daily averages--just as P and Rare daily average rates. 

Also, dC/dX stands for the daily average value of ac/ax. The absence of 
the term ac/at reflects the assumption of a periodic steady-state, for by 
this assumption the daily average value of aC/at must equal zero. 

Equation (15) is easily invoked by any computerized steady-state DO model 
providing input formats for P and R. It is only necessary to neglect all 
other biological terms (e.g., BOD, nitrification, benthal demand) and 
interpret Ras "total respiration." (In most existing models, input val
ues of R would usually be interpreted as "algal respiration.") Actually, 
"total deoxygenation" describes R more accurately, for the values of R 
produced by systematic diurnal curve analysis include the effects of 
nitrification, if any. Although oxygen-consuming, nitrification is not 
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a respirative process. 

The model used here was developed for and partly by MDWPC.12 , 19 Apart from 
equation (15), the model accounts for diversions and for DO accrual from 
point inflows and uniformally distributed inflow (groundwater and runoff) 
within each reach. In this study dam reaeration was accounted for by 
Mastropietro•s 20 formula, modified according to field data 3 , as reported 
previously. l3 

Conditions for June 26, 1973 were modeled using the average values of P 
and R for that date. The Charles River model has 33 reaches. P and R were 
spatially averaged where necessary to determine inputs for each reach. 
Hydraulics were specified exactly as for the systematic diurnal curve analy
sis. Field data yielded tributary DO concentrations. A nominal DO of 1.0 
mg/1 was assumed for wastewater discharges. For uniformly distributed in
flow the DO was assumed to be 3.0 mg/1; calculated results were not sensi
tive to this parameter. 

Figure 5 presents the simulated DO profile along with the field results 
for June 26. The portion of the river from stations 5 to 7 exhibits large 
discrepancies between calculated and measured results. This is not sur
prising in view of the complexity of the river here, as shown by the DO 
data plotted in Figure l. Likely sources of error include (I) neglecting 
point DO discontinuities in calculating P and R, (II) spatial averaging 
of P and Rover hydraulic reaches, and (III) error in hydraulic inputs. 
In spite of these discrepancies, however, Figure 5 presents an overall 
picture of rather remarkable agreement between simulated and measured 
DO values. 

Two important points regarding this simulation: First, the simulation 
essentially tests only for internal consistency--this is because both the 
DO simulation and the systematic diurnal curve analyses are largely deter
mined by the identically specified hydraulic conditions. Second, the 
simulation tests only the difference between P and R, not the individual 
magnitudes of P and R--this is because a steady-state DO model was used. 

Comparison of P with R 

Odum1 illustrates the classification and succession of aquatic ecosystems 
by graphing their coordinates in the P versus R plane. Ecosystems may be 
broadly classified as autotrophic (P>R) or heterotrophic (P<R). If several 
values of P and R along a river are available, then longitudinal succession 
may be evident in a trend of the coordinates in the P versus R plane. Organ
ically polluted streams, in particular, as they recover will show a trend 
from heterotrophy toward a balance of P and R. Odum1 also discusses these 
concepts in terms of the ratio P/R. 

In order to show succintly the more extensive results for the Charles River 
ecosystem, a new kind of graph is shown in Figure 6. Each plotted point 
corresponds to a sampling station, and its coordinates represent the summa
tions of all upstream values of Rand P, respectively. This is roughly anal
ogous to the "double mass curve" used in hydrologic analysis. 

The values of P and R used in Figure 6 are the averages for the period 
June 26-28, 1973. The zigzag between.stations 5 and 6 results from the 
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negative value of R calculated for that reach (Table I). Aside from this 
anomaly, the curve in general has an upward concavity (increasing slope). 
The slope of the line connecting any two stations in the curve equals the 
mean value of the ratio P/R for the intervening reach. For example: 

Stations 

1-5 
7-15 
15-24 

Mean Ratio P/R 

0.32 
0.62 
0.96 

Thus, the upward concavity of the curve reflects an increasing trend in 
the ratio P/R, and hence a progression in the Charles River from hetero
trophy toward a balance of photosynthesis and respiration. 

That all of the mean ratios P/R are still less than unity signifies that 
the Charles River ecosystem is predominantly heterotrophic. Certain short 
reaches do have ratios P/R>l. However, the curve in Figure 6 has an overall 
mean slope of 0.54, which represents the mean ratio P/R for the whole river. 
Note that this equals the sum of all P values divided by the sum of all R 
values~ 

Comparison of R with BOD 

MDWPc3, 8 also obtained and reported other water·quality data for the Charles 
River during the period June 26-28, 1973. Composite samples (24-hour) taken 
on June 26 and June 28 at all stations were analyzed for five-day BOD and 
other constituents. 

The two highest main stem BOD concentrations were 36 mg/1 (station 4) and 
12 mg/1 (station 6), both occurring on June 26. However, the June 28 con
centrations at these same stations were only 7.2 mg/1 and 6.9 mg/1, re
spectively. In general, the day-to-day variability was large for stations 
1-7, but less pronounced for stations downstream. The comparison made here 
is between averages of the June 26 and 28 BOD results on the one hand and 
daily average values of R for the continuous period June 26-28 on the other. 

Figure 7 presents a curve for Rand BOD constructed in like manner as Figure 
6. There is one difference in the manner of construction, however, Since 
the respiration rates correspond to reaches between pairs of stations, the 
BOD data were first averaged for each successive pair of stations. Thus, 
the first coordinate of points plotted in Figure 7 represents the summa
tion of all upstream station-station BOD averages. 

The curve in Figure 7 has two main trends. Initially it rises rather 
steeply, though irregularly. The mean slope for stations 1-5 is 2.3 day- 1 ; 
and despite the anomalous respiration rate between stations 5 and 6, the 
curve has an almost identical mean slope, 2.2 day-1, for stations 1-7. 
The remainder of the curve is less steep, but considerably more regular. 
The mean slope for stations 7-24 is 1.0 day- 1. In Figure 7 the mean slope 
between stations equals the mean value of the ratio R/BOD for the corres
ponding reach. 
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A linear regression analysis was also performed on the 23 individual (i.e., 
not summed) station-station BOD averages (independent variable) and the 
corresponding values of R (dependent variable). The slope of the regres
sion line is 1.61 day- 1 • This is approximately the mean of the two slopes 
indicated in Figure 7. The intercept, -0.40, is close to zero. The corre
lation coefficient is +.531, which is significant at the 1% leve1. 21 The 
slope of the regression line is an alternative estimate of the mean ratio 
R/BOD. 

Significance of the Ratio R/BOD 

Odum1 makes passing mention of "the idea that the respiratory metabolism 
of a polluted stream is proportional to the organic matter content at a 
rate determined by the deoxygenation constant," and in so doing he cites 
Streeter2 2, Velz23, and Phelps24, In other words, the ratio R/BOD is 
identical with the deoxygenation constant, Kd: 

Kd = R/BOD (16) 

Actually, this is an oversimplification because it assumes that either 
all respiration is attributable to BOD exertion or that other effects are 
sufficiently random for a statistical determination of the ratio R/BOD to 
be valid. 

The average slopes in Figures 7 will be interpreted as values of Kd for 
the Charles River. The curve implies that Kd = 2.2 day-1 for the extreme 
upper reach (stations 1-7), and that Kd = 1.0 day-l throughout the remainder 
of the river. 

These values for Kd appear to be quite high. They are
3 

in fact, much higher 
than constants based on long-term BOD data. Such data for four stations 
on June 26 were analyzed by the method of moments, yieljing values of 0.31 
day- 1 (average for stations 5, 10 and 14) and 0.12 day- (station 24). 8 
The values based on the ratio R/BOD exceed these "laboratory bottle" values 
by factors ranging from 3 to 7. However, both approaches agree on a general 
trend of decreasing deoxygenation constant in the downstream direction. 

A common method for determining in-stream values of Kd is to plot BOD 
values for two or more stations versus time-of-flow below a major organic 
waste discharge. Using a logrithmic scale for BOD, a first-order decay 
constant is determined by the slope of the curve, and this constant is 
identified as Ktl• However, this method would result in negative values 
of Kd where non-point BOD loadings or algae growth cause anomalous BOD 
increases in the downstream direction. Such is commonly the case in the 
Charles River. 8 

Thus, the wonderful advantage in calculating Kd by equation (16) is that 
the ratio R/BOD is calculable even where non-point loadings or other effects 
substantially mask in-stream BOD decay. 

Non-Point BOD Loadings 

Kd values based on the ratio R/BOD may be useful is estimating non-point 
BOD loadings. This is because the product Kd • BOD determines not only the 
rate of respiration, but also the rate of decay of BOD itself. 
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For examplei the value of K,J based on the mean ratio R/BOD was found to 
be 1.0 day- in the lower Charles River for the period June 26-28, 1973. 
In this case the rate of BOD decay (in mg/1/d), given by the product Kd • 
BOD, happens numerically to equal the BOD concentration. If a substantial 
amount of BOD is continually present in the lower Charles River, then this 
means there must be a daily BOD influx equal in magnitude to the amount 
observed continually to be present there. 

In the lower 50.4 km (31.3 miles) of the Charles River (stations 16-24), 
BOD concentrations ranged between 3.3 mg/1 and 6.3 mg/1 on June 26 and 
between 3.6 mg/1 and 7.6 mg/1 on June 28. Streamflow at station 16 was 
4.62 cu m/s (106 cfs) on June 26 and 5.58 cu m/s (128 cfs) on June 28. 
Estimated time-of-flow through the lower river was 9.2 don June 26 and 
7.7 don June 28. Taking into account all of the BOD data (18 composite 
samples) and all of the hydraulic information (based on 15 hydraulic reaches), 
the estimated total mass of BOD in the lower Charles River was 13,500 kg 
(29,700 lb) on June 26 and 13,100 kg (29,000 lb) on June 28. 

Thus, the total rate of BOD decay loss can be estimated as approximately 
13,300 kg BOD/d (29,400 lb BOD/d) in the lower Charles River during the 
period June 26-28, 1973. Here the small change in mass storage, as well 
as the difference between upstream and downstream mass discharge, are 
practically insignificant compared,to the rate of BOD decay loss. Hence, 
the estimate of the total rate of BOD decay loss can also be taken as an 
estimate of the total non-point BOD loading rate. This non-point loading 
rate is seven times greater than the rate of BOD discharge from point 
sources in the watershed. 

A much lower non-point BOD loading rate for the lower Charles River was 
previously estimated by the author.8 The previous estimate was based 
on the same data as above but utilized a lower value of Kd (0.1 day-1). 
The technique for determining Kd by the ratio R/BOD was not yet developed 
at the time of the previous estimate. Thus, a conservative value of Kd 
was simply assumed. 

This portion of the Charles River has a local watershed area of 90 square 
miles. If the entire loading of 13,300 kg BOD/d (29,400 lb BOD/d) is 
assumed to originate from this watershed area, then the implied areal 
loading rate is 57 kg BOD/sq km/d (327 lb BOD/sq mile/d). In reality, 
however, a significant portion of the total non-point BOD loading rate is 
probably accounted for by algae growth.a 

The areal loading rate estimate of 57 kg BOD/sm km/d (327 lb BOD/sq mile/d) 
is not unreasonable, even still. For example, urban runoff field studies 
in the Minneapolis-St. Paul metropolitan area25 determined COD areal 
loading rates averaging 80 kg COD/sq km/d (454 lb COD/sq mile/d) for dense 
and average residential areas, and averaging 221 kg COD/sq km/d (1260 lb 
COD/sq mile/d) for commercial-industrial land. 

Comparison of P with Algae Data 

MDWPc3,8 also performed plankton survey counts for grab samples taken at 
all Charles River stations on June 26, 1973. The results of the micros
copic analyses are reported in Areal Standard Units per milliliter (ASU/ml). 
(1 ASU ~ 400 sq microns.) Algae were.identified to genus originally, but 
the reported results are grouped as green algae, blue-green algae, and 
diatoms. All groups have been summed as Total Algae in the comparison 
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made below. 

Total Algae levels in the Charles River ranged from 25 ASU/ml (station 8) 
to 2385 ASU/ml (Station 20) on June 26, 1973. Levels were generally higher 
in the lower half of the river than in the upper. Exceptions to this were 
stations 3 (660 ASU/ml) and 6 (1055 ASU/ml). Green algae dominated the 
phytoplankton community throughout the river. Diatoms were generally 
abundant. Blue-green algae were present at stations 3,6, and 7 and were 
abundant at stations 18-24. Green algae of the genus Eudorina produced 
bloom conditions at station 6. 

Figure 8 displays a curve comparing calculated average photosynthesis rate 
P for June 26 with Total Algae levels on that date. The first coordinates, 
are summations of station-station arithmetic mean values of Total Algae. 
The curve was constructed in like manner as those in Figures 6 and 7. 

The curve in Figure 8 shows a generally decreasing slope, representing a 
decrease in the ratio P/Total Algae. For example: 

Stations 

1-12 
12-18 
18-24 

Mean Ratio P/Total Algae 
(µg02/d/ASU) 

.020 

.0084 

.0032 

The ratio P/Total Algae has two interpretations. 

First, the ratio P/Total Algae may be thought of as the ratio of production 
to biomass, which the ecologist Margalef2 6 denotes "P/B." He notes that 
the ratio P/B is proportional to the rate of energy flow per unit of bio
mass, and that the succession of an ecosystem from states of lesser to 
greater maturity is accompanied by a decrease in this ratio 26 • Thus, the 
decreasing slope in Figure 8 might be a reflection of longitudinal succes
sion in the Charles River, as already discussed in connection with the ratio 
P/R. 

Secondly, the ratio P/Total Algae may be interpreted as a first-order growth 
constant for the Total Algae population. This interpretation could be use
ful in the construction of mathematical models of stream algae levels, 
especially if the longitudinal (and probably seasonal) variation in the 
ratio P/Total Algae could be mathematically related to chemical and phy
sical variables. For example, obvious considerations regarding Figure 8 
include: 

(1) Extremely high nutrient concentrations exist throughout much of 
the upper Charles River, because of continuous discharges of 
sewage with secondary treatment. 

(2) Greater average depth in the lower river implies a lesser influx 
of light energy on per unit volume basis there. 

These both contribute to the decreasing slope in Figure 8. In addition, 
visual observations suggest that rooted aquatic plants are more signifi
cant in the DO budget of the upper river than of the lower. This also 
may contribute to the decreasing slope in Figure 8. Both of the above 
interpretations of the ratio P/Total Algae assume that larger plants and 

14 



attached algae contribute negligible photosynthesis. 

Comparison of P with the Magnitude of the Diurnal DO Range 

According to simplified theory, equation (13) equates the daily average 
photosynthesis rate P to twice the magnitude of the diurnal DO range. 
In an unpublished paper, DiToro27 terms the magnitude of the diurnal 
DO range, "llDO," and by an alternative theoretical derivation predicts 
a similar empirical relationship between photosynthesis and llDO (but 
also including dependence on K2 and photoperiod). And indeed, the 
evidence provided by the Charles River analysis suppotts these theoret
ical predictions. 

In Figure 9 all calculated values of P for June 26 and June 27 have been 
plotted against the corresponding values of t,PO. The June 28 results were 
neglected because, as previously noted, the DO data do not cover a full 
24-hour period for that date. The values of ADO are station-station aver
ages, as in other comparisons made above. For each station the llDO was 
first calculated as the difference between the maximum and minimum DO 
occurring on the date. 

The 46 points plotted in Figure 9 show a definite trend. The data plotted 
posses~

1
a correlation coefficient of +.668, easily significant at the 1% 

level. Figure 9 also shows the linear regression line computed for the 
data. The regression equation is: 

P = -0.02 + 1.94 ADO (17) 

The intercept value is negligible, implying a virtual proportionality 
between P and ADO. For these data the proportionality constant, 1.94, is 
extremely close to the value 2, derived by simplified theory. 

The good agreement between equations (13) and (17) suggests the rule-of
thumb that daily average photosynthesis rate may be estimated as twice the 
magnitude of the diurnal DO range. However, the not insignificant scatter 
shown by Figure 9 should remind us of the usual limitations of rules-of
thumbs. 

Data from other rivers need to be analyzed in order to test this relation
ship. 

CONCLUSIONS 

1. A system of dissolved oxygen (DO) data can convey a tremendous amount 
of information about a river. A system of DO data is a set of DO 
measurements from many stations along a river taken periodically over 
one or more days. Such a system may be plotted as a contour graph and 
visualized as a DO surface above the plane having coordinates of time 
and river mile. For example, Figure l depicts DO data from the Charles 
River, Massachusetts, taken during June 26-28, 1973. This figure clear
ly shows locations of depressed DO (DO sags) and regions having large 
diurnal DO variation. These are understandable as effects of pollutant 
influxes. 
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2. Systematic diurnal curve analysis calculates rates of total coUDDunity 
respiration and gross photosynthesis, based on the shape of the DO 
surface (data system) and on knowledge of the river hydraulics. The 
estimates of respiration (R) include the aggregated effects of BOD 
exertion, benthal demand and algal respiration. R also includes nitri
fication (which is not a respirative process) and any other components 
of deoxygenation. The estimates of photosynthesis (P) include the 
aggregated effects of planktonic algae, attached algae and macro
phytes. Systematic diurnal curve analysis is based on the well-known 
diurnal curve method. However, it uses the Stokes total time deriva
tive as the rate of DO change, and it is computerized to enable analy
sis of large systems of DO data. 

3. Systematic diurnal curve analysis is data-intensive. It requires, 
first, knowledge of the two hydraulic parameters time-of-flow and 
atmospheric reaeration constant (Kz). For example, in analyzing the 
Charles River, 107 Km (66.7 miles) of river were divided into 33 hy
draulic reaches for purposes of describing time-of-flow and K2. Direct 
measurements of both are desirable, but for the Charles River, time-of
flow was estimated from measured discharge (empirically related to 
time-of-flow by prior field studies), and K2 was calculated from estab
lished formulas. 

Systematic diurnal curve analysis requires, second, frequent measure
ments of DO over at least a 24-hour period, taken at several stations 
along a river. For example, the Charles River was sampled at 24 sta
tions every 6 hours over the period of June 26-28, 1973 (total of 12 
sampling runs). Thus, a total of 288 DO measurements were used to 
construct Figure 1 and to perform the Charles River analysis. The 
time-of-flow separating successive stations was in several cases greater 
than two days. 

4. For the Charles River during June 26-28, 1973, estimates of Rand P 
ranged as high as 36.2 mg 02/l/d and 12.0 mg Oz/1/d, respectively 
(Table I). These are within the range of results for other rivers 
reported previously by other investigators. The values of Rand P 
for June 26 were used as inputs to a steady-state DO model of the 
river, and a good simulation of average DO resulted (Figure 5). The 
average ratio P/R was 0.54, indicating the predominance of heterotrophy. 
The ratio P/R varied from 0.32 in the extreme upper Charles to 0.96 in 
the lower river (Figure 6). This reflects longitudinal succession toward 
a balance between P and R. 

5. The ratio R/BOD represents the deoxygenation constant, Kc! (Equation 16). 
This assumes either that all respiration is attributable to BOD exertion 
or that other effects are sufficiently random for a statistical determina
tion of the ratio R/BOD to be valid. Based on composite BOD samples 
taken June 26 and 28, the average ratio R/BOD in the Charles River varied 
from 2.2 day- 1 in the most upstream portion to 1.0 day- 1 throughout the 
remainder of the river (Figure 7), 

A linear relationship between R, a quantity calculated from DO and hy
draulic data, and BOD, measured directly and independently, was found 
to be statistically significant. The correlation coefficient for the 
23 pairs of Rand BOD was +.531, ~ndicating significance at the 1% 
level. The linear regression coefficient was 1.61 day-1, This is an 
alternative estimate of the ratio R/BOD. 

16 



The above estimates of the ratio R/BOD are also estimates of l<d- They 
are three to seven times greater than constants determined by the method 
of moments from laboratory long-term BOD data; however, Figure 7 shows 
a spatial trend similar to that implied by laboratory constants. 

The wonderful advantage in calculating l<d by equation (16) is that it 
can be done even in reaches where BOD is increasing in the downstream 
direction, as may result from non-point sources or from algae growth. 
The more common method for determining in-stream Kd values fails in 
such reaches, because it assumes exponential BOD decay is directly 
observable in the river. · 

6. Values of l<d determined by the ratio R/BOD can be used to estimate 
non-point pollutant loadings. First, the decay loss for a reach of 
river is calculated as the product of l<d and the mass of BOD in the 
reach. This decay loss must be compensated by a combination of in
flux minus efflux, change in mass storage, and non-point loadings. 
Sometimes the former are insignificant compared to the last. For ex
ample, in the lower Charles River (50.4 km or 31.3 miles), using 
Kd = 1.0 day-1, a total decay loss of 13,300 kg BOD/d (29,400 lb BOD/d) 
was calculated for the June 26-28 period. 

This was taken as the total non-point BOD loading, being equivalent to 
57 kg BOD/sq km/d (327 lb BOD/sq mile/day). 

7. The ratio P/Total Algae may be interpreted either as the productivity 
to biomass ratio (P/B) or as the algae growth constant. This assumes 
that all photosynthesis is attributable to planktonic algae. Based on 
algae grab samples taken June 26, the ratio P/Total Algae in the Charles 
River varied from 0.020 µg 02/d/ASU in the extreme upper river to 0.0032 
µg 02/d/ASU in the lower river (Figure 8). In order to be useful in 
modeling algae populations in rivers, its spatial (and presumed sea
sonal) variation must be related to physical and chemical conditions. 

8. "Double summation curves" such as in Figure 6-8 reveal ratios between 
quantities measured in a river and also the spatial variation in ratios. 
They are constructed by loose analogy to "double mass curves" used in 
hydrology,with the downstream sequence of sampling stations replacing 
the sequence of years. When comparing concentration data with esti
mates of R or P, station-station averages of the concentrations must 
first be calculated. This is because the values of Rand P correspond 
to the reaches extending between successive pairs of stations. 

9. As a rough rule-of-thumb, Pis approximately twice the magnitude of 
the diurnal DO range (~DO). This conclusion is based on close agree
ment between the prediction of simplified theory (Equation 13) and a 
statistical analysis of results for the Charles River (Figure 9 and 
Equation (17)). The latter provides a P/6DO ratio of 1.94, based on 
46 pairs of P and ~DO. The correlation coefficient is +.668, which 
is easily significant at the 1% level. 
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TABLE I. Calculated Daily Average Respiration (R) and Photo syn-
thesis (P) Rates (mg O2/l/d) Charles River, Massachusetts 

Upstream June 26, 1973 June 27, 1973 June 26-28 Averages 
Station* R p R p R p 

1 3.4 0.6 5.7 1.2 5.8 2.8 

2 28.7 11.5 33.2 7.0 32.l 10. 8 

3 23.4 7.4 17.7 3.0 21.7 6.1 

4 23.6 12.0 17.8 2.5 19.9 5.8 

5 - 0.9 5.9 - 1.0 3.2 - 0.9 6.7 

6 36.2 8.4 24.7 4.8 29.7 5.4 

7 2.0 0.8 2.8 1. 6 . 3.1 2.1 

8 5.2 1.7 4.8 0.6 4.8 1.1 

9 1.3 2.8 0.1 1.2 0.7 2.1 

10 5.0 3.6 3.0 0.9 3.6 2.3 

11 5.1 3.4 2.4 1.0 3.6 2.2 

12 2.6 1.3 2.6 0.9 3.4 2.3 

13 4.4 2.0 5.7 1.3 5.7 3.1 

14 3.2 1.9 5.6 3.8 3.8 2.6 

15 5.4 5.5 2.7 2.4 3.2 3.3 

16 6.7 6.0 5.2 3.4 5.8 5.3 
_) 

17 5.8 4.6 3.3 2.8 4.4 3.6 

18 0.4 0.01 2.3 1.1 1.9 1.2 

19 9.0 9.1 5.5 4.5 6.3 6.5 

20 5.3 3.0 2.5 1.6 3.3 2.3 

21 - 0.5 1.4 8.9 8.2 6.7 8.3. 

22 3.9 3.1 3.2 2.1 3.4 2.9 

23 11.3 9.9 7.3 8.3 8.4 8.4 

*As listed CH0l, CH02 etc. in reference 1. 

Note: Results are for reaches extending between pairs of succes-
sive stations. 20 



FIGURE CAPTIONS 

Figure l - Dissolved oxygen in the Charles River, covering 107 river km 
(66.7 river miles) and approximately 68 hr. Data for four 
crosses in lower center appear in Figure 2. Calculations 
for shaded strip in center appear in Figure 3. 

Figure 2 - Concept of Stokes total time derivative. 
Here DC/Dt = 0.43 mg Oz/1/hr. 

Figure 3 - Difference between atmospheric reaeration rate and Stokes total 
time derivative, a - DC/Dt (solid line) over a 24-hour period, 
and for a single reach. Solid line also represents difference 
between respiration and photosynthesis rates, r - p. Dashed 
line gives interpolated daytime respiration rate. 

Figure 4 - Idealized DO surface between two sampling stations, over a 24-hr. 
period. ac is positive; here oC is negative, and generally may 
be positive or negative. 

Figure 5 - Comparison of calculated DO profile with observations (range 
and mean) at 24 sampling stations, Charles River, June 26, 
1973. 

Figure 6 - Comparison of daily average rates of photosynthesis (P) and 
respiration (R), Charles River, June 26-28, 1973. 

Figure 7 - Comparison of daily average rate of respiration (R) with 
average concentration of BOD, Charles River, June 26-28, 
1973. 

Figure 8 - Comparison of daily average rate of photosynthesis (P) with 
concentration of Total Algae, Charles River, June 26, 1973. 

Figure 9 - Comparison of daily average rate of photosynthesis (P) with 
observed magnitude of diurnal DO range (6DO), Charles River, 
June 26 and 27, 1973. 
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